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Incommensurate modulated structures

l: lattice translation of reference/basic/average structure 

Harmonic Modulation with propagation vector k of “quantity” A of atom µ:

rµ
0

A(l,µ)= Aµ e-i2pk.(l+rµ)+A*µ ei2pk.(l+rµ)

Magndata:  #1.1.9

if k is incommensurate k.l (mod. 1) takes ANY VALUE at some lattice vector l

http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.9


Simplest case: single-k modulated structures

(One incommensurate propagation vector k (and its opposite -k!) :

Basic (periodic) structure
                   +
 set of atomic modulation functions Aµ(x4) 

Incommensurate
Structure =

How do we describe a modulated structure without periodicity?

µ= 1,…,n atoms in unit cell of basic structure

A(l,µ)= Sn Aµ,n e-i2pnk.(l+rµ)+A*µ,nei2pnk.(l+rµ)

Aµ(x4)= Sn Aµ,n ei2pnx4+A*µ,ne-i2pnx4

A(l,µ)= Aµ(x4=k.(l+rµ))

general anharmonic case

A(x4)		=A(x4	+1)



Description of an incommensurate modulated structure

1) Basic structure:  rlµ=l+	rµ l:	basic	lattice/periodicity

µ= 1,…,n atoms in unit cell of basic structure

A(l,µ)	=	Aµ(x4= k.	rlµ) 

2) Modulations (magnetic moments, atomic displacements,..):

modulation functions:

Value of A for atom (l,µ): k = incommensurate 
      propagation vector

fourth coordinate in superspace – period 1

A global shift of the modulation functions along x4 keeps the energy invariant

example: 1.1.9

http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.9


X4 – additional “dimension” A(l,µ)= Aµ(x4=k.(l+rµ))

The superspace:

The superspace concept is just a mathematical construct, their 
symmetry as analogous to those of ordinary crystallography for a 
structure with lattice periodicity, but in a (3+1)-dim mathematical 
space.   
BUT this superspace concept is just a help! Essential are only the 
equations!, and these can be derived without the need of a 4-dim 
superspace. 

Aµ(x4) x4
2pk.a

period 1

k-incommensurate: all values of the periodic function are realized at some unit cell

x4 - phase shift is energy invariant



A symmetry operation fullfills: 

•  the operation belongs to the set of transformations that keep 
the energy invariant:  rotations
                                         translations
                                         space inversion  
                                         time reversal   
  
• the system is undistinguishable after the transformation

Symmetry operations in commensurate magnetic crystals:

{ {Ri| ti} , {R'j|tj} }magnetic space group:

MAGNETIC SYMMETRY IN COMMENSURATE CRYSTALS:
MAGNETIC SPACE GROUPS OR SHUBNIKOV GROUPS

{ {Ri , q| ti}} q= +1 without time reversal
q= -1 with time reversal

or



Symmetry operations in 1-k incommensurate crystals:
sym. operations: space group operations 
                                                    + phase shifts of the modulation

{ {Ri| ti , ti} , {R'j|tj , tj} }magnetic superspace group:

SYMMETRY OF INCOMMENSURATE PHASES 

Incommensurate 
magnetic
structures have 
an unambiguous
magnetic point 
group symmetry

magnetic point group: set of all roto-inversion and roto-
inversion+time inversion operations  {R, R'} in its magnetic 
superspace group!

Phase shift of the whole modulation: energy invariant!



{R,q|t,t} Superspace symmetry operation:

superspace symmetry operation (R,q|t,t) implies a relation among the modulation
functions of the atoms n and µ of the basic structure:

Mµ(RIx4+to +	HR.rn)	=	q det(R)R	.	Mn(x4)	

Symmetry relations between the modulation functions 
of different atoms in the basic unit cell due to a symmetry operation. 

{R|t} : is a space group operation of the basic (periodic) structure

atom atom'{R|t}

(l,n) (l’,µ)

x40 1 0 x41{R,q|t,t} 
An(x4) Aµ(x4)

For the modulation of magnetic moments:

RI, to ,	HR defined	by	{R,q|t,t}

If µ= n Mn(x4)		symmetry	constrained!	

An(x4)
Aµ(x4)



Mµ(RIx4+to +	HR.rn)	=	q det(R)R	.	Mn(x4)	

RI, to ,	HR defined	by	{R,q|t,t} :
to  = t+ k.t

Symmetry relations between the modulation functions 
of different atoms in the basic unit cell due to the symmetry 
operation 

to  is independent of the translation t !
operations are then rather given and listed as {R,q|t,to}, the t implying 
also a translation  –k.t along x4

RI =+1 or -1

Example	and	notation	of	operation	with	HR≠0	:

k = (a , ½, 0) k' = (a , -½, 0) = k + (0, -1, 0)

RI =+1 HR = (0, -1, 0)

my

{m’y|1/2 1/2 0 1/2 }

R   

0
0
0

Ri

(3x3)
HRx HRy HRz 

x1
x2
x3

x4

=

0

0
0

10 -1   0 

x1
x2
x3

x4

1
-1

1

0 0
0

0
0
0 = x1+1/2,-x2+1/2,x3,-x2+x4,-1+ 

t1
t2
t3
to

1/2
1/2
0

1/2

+ 

{R,q|t,t} : 

RS 4X4 matrix

k.R = RI k + HR

notation used
for symmetry operations



A review for the general case of
several ncommensurate wave vectors

DOI: 10.1016/j.crhy.2019.07.004



Symmetry relations between the atomic modulations

Example: inversion

(-1|000,0):						-x1	–x2	–x3	–x4	+1 

atom 1 atom 2
{-1|000}

(x	y	z) (-x	-y	-z)

superspace operation

Mµ(RIx4+to +	HR.rn)	=	q det(R)R	.	Mn(x4)	

k -1 -k

M2(-x4) = M1(x4) 
Relation between the modulation of
their magnetic moments

to  = 0 + k.t=0
RI = -1 HR=0

Mi (x4) = Mi sin1 sin(2px4) + Mi cos1 cos(2px4) i=x,y,z

it chooses the origin
along x4 on the
inversion center



Symmetry relations between the atomic modulations

Example: inversion

(-1|000,0):						-x1	–x2	–x3	–x4	+1 

atom 1 atom 2
{-1|000}

(x	y	z) (-x	-y	-z)

superspace operation

Mµ(RIx4+to +	HR.rn)	=	q det(R)R	.	M
n(x4)	

k -1 -k

M2(-x4) = M1(x4) 
Relation between the modulation of
their magnetic moments

to  = 0 + k.t=0
RI = -1 HR=0

Mi (x4) = Mi sin1 sin(2px4) + Mi cos1 cos(2px4) i=x,y,z









(1'| 0 0 0 ½ )  

average moment
cero 
(symmetry forced)

moment along z 
(symmetry forced)

Ce2Pd2Sn (magndata #1.1.9)
magCIF file

http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.9
http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.9
http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.9
http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.9
http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.9


A simple but very important general “Theorem”:

(1'| 0 0 0 ½ )   is a superspace symmetry operation of any single-k INC magnetic modulation.

Consequences of (1'| 0 0 0 ½ ) : Aµ(x4+	½)	=	1‘ Aµ(x4)	

Mµ(x4+	½)	=	- Mµ(x4)	

uµ(x4+	½)	=	uµ(x4)	

modulation of
magnetic moments

modulation of
atomic displac.

odd-harmonics : 1k, 3k ,5k …

even-harmonics : 2k, 4k …

1'
time inversion p phase shift

Invariance of (sinusoidal)
irrep magnetic modulations
 for (1'| 0 0 0 ½ ):

x4+	½

time inversion   belongs to the symmetry point group of a single-k INC phase (grey point group)



Ce2Pd2Sn magndata 1.1.9

parent space group: P4/mbmsuperspace group: Pbam1'(a00)0s0s  
4 magnetic atoms per primitive unit cell

z refined model: all modulations in phase (1 parameter)
irrep basis modes: 3 parameters

superspace symmetry constraint: 2 parameters  
(same amplitude for the 4 atoms, but atoms related by 
inversion are not  in phase but with opposite phases) 

space inversion is maintained

http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.9


Mulferroic RbFe(MoO4)2 : 

z=0

perspective 

A “120º spin arrangement” and a spiral modulation is forced by the 
superspace group: 

Superspace group: P31’( 1/3 1/3 g) ts
                                 or P31’( 1/3 1/3 g) -ts

point group: 31'

0

1
2

Pz

magndata 1.1.2

g≈0.458P-3 P31’( 1/3 1/3 g) ts

-

http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.2


CeCuAl3 : 

helical configuration is symmetry dictated (and protected!): 

Superspace group: I41’( 0 0 g) qs point group: 41'

k =( 0 0 0.52)magndata 1.1.33

{ 4+
001 | 0 0 0 1/4 } M(x4 + ¼ ) = 4+z .M(x4) 

Mµ(RIx4+to +	HR.rn)	=	q det(R)R	.	Mn(x4)	

Mi (x4) = Mi sin1 sin(2px4) + Mi cos1 cos(2px4)

Ce site at (0,0,0) : invariant for { 4+
001 | 0 0 0 1/4 } 

Mi (x4 + ¼ ) = Mi sin1 cos(2px4) - Mi cos1 sin(2px4)

4+
z .( Mx(x4), My(x4), Mz(x4)) = ( -My(x4), Mx(x4), Mz(x4))

Mz sin1 sin(2px4) + Mz cos1cos(2px4)=Mz sin1 cos(2px4) - Mz cos1 sin(2px4)

Mz sin1 =  Mz cos1 = 0

-My sin1 sin(2px4) - My cos1cos(2px4)=Mx sin1 cos(2px4) - Mx cos1 sin(2px4)

My cos1 =  -Mx sin1 ; Mx cos1 =  Mysin1

Parent space group: I4mm 

i=x,y,z

http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.33


CaFe4AS3 

The MSSG symmetry forces that modulations of independent atoms
must be in phase 

Superspace group: Pnma1’( 0 b 0)000smagndata 1.1.5

b≈0.375Pnma Pnma1’( 0 b 0)000s

{m010|0 1/2 0 0 }:  x1,-x2+1/2,x3,-x4,+1

it fixes the global phase
Mµ(-x4)	=	-m010 .Mµ(x4)	

Mx,Mz : Sin
My: Cosin phase

http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.5


Diffraction symmetry (non-polarized) 

=

non-magnetic:

magnetic:

Intensity(H.Rs)=Intensity(H)

Intensity(H.Rs)=Intensity(H)

Consequences of a symmetry operation {R,q|t,to}:

Systematic absences or extinction rules coming from superspace 
symmetry operations may occur when H = H.Rs 

Magnetic diffraction at diffraction vector H is proportional  
to the squared modulus of the component of FM(H) 
perpendicular to H   

axial vector

point-group symmetry
in the diffraction diagram



Systematic Absence (Extinction rules) 

=

(non-magnetic structures)

Extinction rules: (“trivial” cases)

{1'| 0 0 0 0 } 

-

zero!

no condition

{1'| 0 0 0 1/2 } 
absent m= odd

absent m= even

(all 1k magn.structures)

Systematic absences or extinction rules coming from superspace 
symmetry operations:

To derive them for any MSSG: program MAGNEXT



Diffraction symmetry (non-polarized) 

Extinction rules:

{2x| 1/2 0 0 1/2 } absent h+m= odd

h+m= odd  FM=(0,Fy,Fz)k=(a,0,0)
h+m= even  FM=(Fx,0,0) // H

absent h+m= evenMagnetic diffraction:

 MAGNEXT provides systematic absences of magnetic diffraction
 for any (3+1) MSSG

http://www.cryst.ehu.es/cryst/magnext.html
http://www.cryst.ehu.es/cryst/magnext.html


X-centerings: avoiding complex  descriptions of the modulations

k= (a, ½,0)Example: Indexation Bragg peaks:

(h,k,l,m) = (h,k,l) + m k

(a*, b*,c*)

Alternative with X centering:

(a*, b*/2,c*) k'= (a, 0,0)
(h,k’,l,m’) = (h,k’,l) + m’ k’

k’=2k  m’ =m
Systematic absence: (h,k’,l,m’), k’+m’ = odd

{1’| 0, ½, 0 ½ }

systematic absences if
 indexed with b*/2 and k’ 

working basic unit cell: (a,2b,c) 

with centering operation:

which only means modulations of atoms separated by
b are in antiphase (as they should be):

Mi+b(x4+ ½ ) = Mi(x4)

Mµ(RIx4+to +	HR.rn)	=	q det(R)R	.	Mn(x4) HR≠0



How to calculate the superspace group (single-k structures) for an irrep magnetic mode:

T[(R,q|t)]

Generalized invariance equation:
1ei2pt 0

0        1 e-i2pt
S(k)
S(-k) = S(k)

S(-k)

magnetic space group operation 
with Rq =±q (transformation 
represented by a a NxN matrix)

phase shift

(R,q|t,t) belongs to superspace group if :

Additional term in an 
incommensurate phase

Global (complex) amplitudes of a frozen sinusoidal
spin wave with propagation vector k:

(R|t) is an operation of the 
grey paramagnetic space 
group that either keeps k 
invariant or transforms it 
into -k

Possible subgroups (isotropy subgroups) for any irrep are derived
 both by ISODISTORT (stokes.byu.edu/isotropy.html)  or by JANA2006

(isotropy subgroups (epikernels and kernel) of an irrep)

Representation analysis vs superspace magnetic symmetry

N-dim small irrep

T[(R,q|t)] : 2N x 2N matrices 



T[(R|t)]1ei2pt 0

0         1e-i2pt
S(k)
S(-k) = S(k)

S(-k)

Superspace magnetic symmetry produced by an irrep magnetic mode:

Generalized invariance equation:
N-dim

N =1 one to one correspondance   irrep – superspace group
But including  
operations
changing k into –k ! 

If the small irrep is 1-dim: only one global complex amplitude S(k)
for the spin wave, and a shift of this phase can always be included
in the symmetry operation. 



Ce2Pd2Sn magndata 1.1.9

parent space group: P4/mbmsuperspace group: Pbam1'(a00)0s0s  

space inversion is maintained !

symmetry of the
phase

space inversion conserved
{1’|000½ }
and {-1|0000}  

k= (a,0,0)

irreps

http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.9


T[(R|t)]1ei2pt 0

0         1e-i2pt
S(k)
S(-k) = S(k)

S(-k)

Superspace magnetic symmetry produced by an irrep magnetic mode:

Generalized invariance equation: N-dim

N >1

One irrep with N>1 è several possible 
superspace groups



(4-dim)

Another example: two possible higher alternative superspace 
symmetries for the same irrep. 

same irrep!



RbFe(MoO4)2 : A phase diagram with phases and symmetries 
caused by a single active 4-dim magnetic irrep 

Polar symmetry:
induced (improper ferroelectricity)
Multiferroic phase

Non-polar symmetry:
No polarization

Magnetic field
along [1,-1,0]

Phase diagram 
          after
Kenzelmann et al. 

PRL 2007



Programs that  determine the epikernels and kernel of any irrep, and
produce magnetic structural models complying with them, using MSSGs  

http://stokes.byu.edu/iso/isotropy.php Stokes & Campbell, Provo

http://jana.fzu.cz/ V. Petricek, Prague

Program for mode analysis:

Program for structure refinement:

Both programs also support incommensurate 
cases, deriving epikernels and kernel of the irreps
in the form of MSSGs, and corresponding
magnetic models



1 Order Parameter
with ANY OP direction (not (a,0))

it requires 2  independent Order 
Parameters 
with the same irrep
(Landau condition is not fulfilled)

can be misleading!

Beware when interpreting ISODISTORT output:



Superspace magnetic symmetry tools and applications in the BCS :



MAGNEXT: Magnetic diffraction systematic absences



also for incommensurate magnetic structures from
the input of its superspace group operations



MTENSOR: Symmetry-adapted form of crystal tensors properties of magnetic  
      crystals. Only the magnetic point group is relevant!



MTENSOR 

Magnetoelectric tensor:



Superspace magnetic symmetry tools and applications in the BCS :

MAGNDATA: Database with CIF files of magnetic structures both 
commensurate and incommensurate, using MSGs and MSSGs 



> 140  incommensurate magnetic structures



Conclusions:
• Properties of magnetic phases are constrained by their magnetic 
symmetry:  a magnetic space group (if commensurate) or superspace
group (if incommensurate).  

• Whatever method one has employed to determine a magnetic 
structure, the final model should include its magnetic symmetry. 

• Representation analysis of magnetic structures is NOT in general 
equivalent to the use of magnetic symmetry (i.e. to give an irrep is 
not equivalent to give the magnetic space (superspace) group of 
the system)

• The best approach in incommensurate structures: to combine 
magnetic symmetry and representation analysis 



Databases



Fully Upgraded version!



B-IncStrDB:  The Bilbao Incommensurate Crystal Structure Database : 




